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Appendix A

A.1 Proof of Propositions 1 and 2 I

We first analyze the incentive compatibility condition for low types. Notice that the objective for a low-type agent deviating to purchasing
a good reputation is formulated in Equation (9). The first-order condition of Equation (9) is aw, — 2kw; + fip,,v, = 0, which leads to the
deviating effort as w; = w,k, /k,. The deviating profit and equilibrium profit for low types become

2
= kl%(ﬂfhvd ) +(1-@)Bva +ﬂ[(1_ Pgb)Ve +pgbvb]_ Ve
i

T, = kl(ﬂflvd )2 + (1 - a)ﬂﬁvd + v, -V,

Incentive compatibility for low types requires 7, < x,, which is equivalent to
ki 2 2|02
ky k—th =7 |\Bva+(1=a)(fu— fi)Pva +(ﬂ(1—Pgb)— I)Vd <0
/

Dividing both sides by v,, we can reorganize the condition as M,fv, < k,M,, where

M, =1-B(1- p,) - (1= @)B(f, - 1))

M, = ﬂ[(kh.fh)z - (k1f1 )2]
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Similarly, we can establish that w, = wk, /k,. The corresponding deviating profit and equilibrium profit for high types are

2
ﬂ']fl = kh %(ﬂflvd)z +(1— a)ﬁflvd +ﬁvb -V
h

7, =k, (:thvd )2 + (1 - 0!) Bfv.+ ﬂ[(l —Pg )Vg + pgbvb:| —V
Incentive compatibility condition for high types requires 7, < 7, which is equivalent to
k, (fh2 _f12k12 /klf )IB2V§ + (l_a)(fh -/ ),BVd + (,B(l_Pgb) _l)vd 20
Further simplify the above by dividing both sides with v,, and we have the condition as M,Bv, > k,M,-

Combining the two IC conditions leads to k, M, < M, ﬂvd <k, M,. We first show that M, > 0. To see this, notice the equivalent condition

is B < U[1 = py, + (1 = a)(f, — /)], where the right-hand side is greater than 1. Furthermore, the sign of M, is consistent with &, f, — k. f.
Therefore, if &,f, — k,f), or, equivalently, if p,, /p,, < k,(2k, — a)/[k,(2k;— )] , then M, < 0 and thus no separating equilibrium can be sustained,
which proves the result in Proposition 1(b). Part (a) is a special case of Part (b) with a = 0.

We next focus on a strict reputation system with £, f, > k, ; such that both M, and M, are positive. We substitute in v, = 4, p,, /(B2 py, f; +
B2, D fi) to reorganize the IC conditions as

My A Poe fo) oo Mo
kiMy A pgp ky M,

Define 4 and A as the values of /Il / ﬂh , that make the two IC conditions binding; that is, 7[,' =7, and 7[,: =7, . We can derive 4 as in
Equation (12) and A asin the proposition. For any separating equilibrium that satisfies the above condition, the corresponding proportion

ratio ﬂl / lh must be between 4 and 71; that is, & < /1] / ﬂh < A . Furthermore, in order to find a A that satisfies the above conditions,

it suffices to show that (p,,M,)/(k,M,) > (p,M,)/(k,M,) and M,/(k,M,) > f,. The first condition is apparently true, and the second condition can
be simplified as

ﬁ>ﬂ= fhkh
Il 2 2
[(khfh) —(kif7) :|+(1+pgb)fhkh +(1=a)(fy = 1) Fnkn

In addition, because S € [0, 1], a separating equilibrium requires [(khfh)z - (k,f,)z} = panSukn + (1= a)(f3 = /1) fuky 2 0, which can be
rewritten as p,, / Phg 2 p with p asin Equation (10).

Substituting f, in Equation (7) and v, in Equation (8) into Equations (5) and (6), we can derive w, as in Equations (13) and (14).

A.2 Proof of Proposition 3

2k}
(1-a) k2 +4klk, (1-k, ) ~(1-a)k,

Notice that 2y —a 1- 2k, = 2k is decreasing in a. We can verify that the second fraction in p (i.e.,
2k1 - 2k1 - - \/

) is

also decreasing in a. Therefore, P is decreasing in a.
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A.3 Proof of Corollaries 1, 2, and 3 I

Notice that Equations (13) and (14) can be reorganized as

- P2k — @) APy Py (2K — @)
T 2 and W= 2k, —a)+ A, pl 2k —
A1 Ding (2ky, — @) + A, P, (2k; — €0) A Dy 2k, =)+ A, Dy, 2k — @0)

Wh

Proof of Corollary 1: Because (2k, — a)/(2k, — o) is decreasing in q, it is easy to see that v, increases in a, w,, increases in a, and w, decreases
in a.

Proof of Corollary 2: It is straightforward to verify that w), increases in p,, / p;,. For w;, we take derivative of the denominator with respect

to p,, /Py, and obtains (2k; — o) / 2k, — ) — llpgg /(lhpéb). When Pgp / Ppg > \/(2kh -4 /\/(2/(1 - )4, , the denominator decreases

and w, increases in p,, / p,,; otherwise, the denominator increases and w, decreases in p,, / p,,.

Proof of Corollary 3: Note that 4,/ 4, =4,/(1 — 1) is increasing in 4,. It follows directly from the expressions of v,, w,, and w, that they are all
decreasing in 4,/ 4, and /,.

A.4 Proof of Proposition 4 I

1=m) Ay +(1= 4, awy +fippgV b+ B Ve
The equilibrium satisfies the following conditions: W, = W , Whp = % , W, = %ﬁ%r , W, = 2@1?:_/:;( ,and
Am= /111(1 - m)whhphg + (1 - 2’/1)Wlpbg + ﬂ%m(l - (1 -W, )pgb) (28)
The first three equations lead to
BMp,,v,
W= ”;j 29)
-
W = ﬂpbg"d
" 2k, (1- oM) (30)
W = ﬂPbng
' 2k (1- o) 31

where M = [(1 - m)ﬂhk] +(1- ih)kh ] / [2(1 - I’}’I/lh)klkh] .
High types at good and bad reputations must be indifferent; that is, 77, = 7, which leads to
kh(w,f - W,fb) + (1 - a)(wh - Wb) + (ﬁ(l - pgb) — 1)vd =0

Substituting in Equations (29) to (31), v, can be represented as
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(- py) - (-1

Vv, =
' k, [( z/ifi,,)z —(m)z} (32)

The equilibrium levels of v, and m can be solved through (28) and (32).

For low types, denote their deviating effort and profit as w; and z;. If they deviate to a good reputation, their incentive can be described through
the first-order condition as aw, — 2kw, + fip,,v, = 0, which leads to w; = w,k; /k;,. For low types to prefer bad reputations to good reputations,
we need 77, < 7, , or equivalently

kO =wi)+ (=) (w, = w,) +(B(=p,) 1), <0

Note that w/=w, k, / k, and w, = w,k, / k,, and k, /k, < 1. The above IC condition holds as long as w; > w,, which can be simplified to the
condition on p,, / p,, in Proposition 4.

We also need to ensure that m € [0. 1] in equilibrium. First, notice that both M and fv, are decreasing in m. We then rearrange Equation (28)
as

ﬂhm(l -W, )pgb = /?“h(l - m)whbpbg + (1 -4 )Wlpbg

Note that the left-hand side (LHS) of this equation is increasing in m while the right-hand side (RHS) of the equation is decreasing in m. In
order for m to be between 0 and 1, it suffices to show that (1) when m = 0, LHS < RHS in Equation (28); and (2) when m = 1, LHS > RHS in

Equation (28). When m =0, we have M =4,/ (2k;)+(1-4;,)/ (2k;) , LHS =0, and RHS = pﬁgﬁvd(ﬂhkl +(1=2)ky) / [2kh, (1- ad)]
The condition that RHS > LHS is equivalent to fv,> 0, or f < f3,, where f, is defined as in Equation (18). Similarly, when m = 1, we have
M = 12k, LHS = 4p,, (1= Bv,p,, |2k, ~@)), and RHS = (1=24,)Bv,p,, /(2k,~€). The condition LHS > RHS is equivalent to

Bvg < ﬁhpgb 2k — 0)(2k) — @) /[ﬂhpéh(Zkl —o)+(1-4, )P}%g(zkh — )], or > p,, where B, is defined as in Equation (17). It is easy

2 2
) ()
>0

2, 14, 2
2h,—a Peb T 2k-a Pog

to show that 8, < f, because

In addition, we also need to ensure f, < 1, which leads to condition 4,/ 1, < A, where 4, is defined as in Equation (19).

A.5 Proof to Proposition 5 I

Ay + (1 - )nng Wy = O!Wg + ﬁpgbvd Wiy = owg + ﬂpgbvd Wy = /prgvd and

ey . . L =
The equilibrium satisfies the following conditions: Wg 2, +(1_ ﬂh)n S 2k, , Wig 2k s W=5 —a’

(1 - /1,1)(1 - n)w,p,}g = ﬂh(l - wh)pgb + (1 - /1,1)n(1 - W/g)Pg;, (33)
The first three equations lead to

_ ﬁpgbde

Ye ST N (34
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- /Bpgbvd

" 20 (1- o) (35
= PPV

72k (1-av) (36)

where N =[A,k, +(1—A,)nk,1/[2kk, (/1h +(1-24, )n)]
Low types at good and bad reputations must be indifferent; that is, z; = x;,, which leads to
k(Wi =wE) + (1= ) (wg = w) + (B(1= pgy) = 1)vg =0

We can solve for v, by substituting in Equations (34) to (36) as

e+ (1=pa)+ (=) (25—

P, =
k() )

The equilibrium level of v, and n are determined by (33) and (37).

(37

For high types, denote their deviating effort and profitas w; and z;. If they deviate to a bad reputation, their incentive can be described through
the first-order condition as aw, — 2k,w; + Bp,,v,= 0, which leads to w;> = kw,/ k,. For high types to prefer good reputations to bad reputations,
we need 7, < m,, or equivalently

ky(w;? =wi) + (=) (w, = w,) = (B(1=p,) =1y, <0

Note that w; = kw, / k, and w, = kw,, / k,, and k, / k;, > 1. The above IC condition holds as long as w; > w;, which can be simplified to the
condition on p,/p,, in Proposition 5.

We also need to ensure that in equilibrium # € [0, 1]. First, notice that both N and fv, are decreasing in n, which can be verified with simple
algebra. We then rearrange Equation (33) as

(1= ) (A= m)wppg = A (L= wy) pgp + (1= 4)n(1= wig) pgp (39)

Notice that the left-hand side of this equation is decreasing in » while the right-hand side is increasing in n. For the equilibrium z to be between
0 and 1, it must satisfy two conditions: (1) when n = 0, Equation (38) becomes an inequality with the left-hand side (LHS) greater than the
right-hand side (RHS); and (2) when n = 1, Equation (38) becomes an inequality with the left-hand side less than the right-hand side. Atn =

0, N=1/2k,), LHS = (1- 4,) v, p,fg /(2k; — @), and RHS = A, P (2ky, — 0 = Ppgpvy) / (2kj — @) The equivalent condition of
LHS > RHS is

_ 1 _ _ Pep  __ Pre
B = 5+ (1-p,)+(1 “)(M,f—a 2k,ia)> APy
4 e \2 » 2 (1-4) Pie L JuPas
'bg gh I
Jod ()] i
h

Similarly, when n =1, then N = ;Th] + % , LHS =0, and RHS > 0 is equivalent to
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Po  Ph
—%-F(I—Pgb)‘f'(l—a)(ﬁ_zk[’_a) 1

Bvg= <
) k{( = )2 _(Zk/(liib‘w))z} (W*—ﬁj Peb

2k~

The corresponding condition in terms of f becomes f; < < f,, where f5; and 8, are defined as in Equations (20) and (21). We can verify that
5 < B, In addition, we also need to ensure f; < 1 and /3, > 0, for which it suffices to show that 1 /8, > 1, or equivalently, 7,/ 4, > 1, where

4, is defined as in Equation (22).

A.6 Proof of Proposition 6 I

Consider an equilibrium where (1) low types own reputation j = 0, and high types have all the rest; (2) the reputation value difference is such
that v, —v,=a, and v;—v, , = b forj > 2. The corresponding equilibrium efforts and profits are
_ a

Zkl -

Ty = k,wg + (1— a)WO

o

a+b
W= ———
2kh - (39)
m= khwlz +(1—05)W1 —a
2b

Wisy = ———
/22 2kh—a

The separating equilibrium has to satisfy the following five conditions.

7, . ,, which leads to

Condition 1: 7, =7, ,,
(k1) 2k, - @)
a+3b= T (40)

Condition 2: the proportion of reputation 0 is 4, =1 —4,.
Condition 3:  the proportion of all the other reputations are such that 4 =22k, —a)A,/[(2k, —a)(2k,—a)—(a+Db)],

A =(a+b)A / (2ky — = 2b), and A;»3=2bA; |/ (2k, — = 2b). The aggregate of these proportions must be 4, ; that is,

2k, -« 2 2k,—a+a-3b 4,
2k -0 2k, —o0)—(a+b) 2k, —o—4b 14, S
Condition 4 (ICH): high types prefer j > 1 to 0; that is,
2 2
2b 2b k, a a
k +(1- -b2-"1|k +(1-
h(Zkh—aJ ( a)Zkh—a kh{ '[Zk,—aj ( a)Zk,—a} (42)

This is equivalent to 7y = 7;k; / ky.

Condition 5 (ICL): low types prefer 0 toj > 1; that is,
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2 2
a a ky, 2b 2b
k 1- >k 1- -b
I[Zk,—a) +( a)Zk,—a k/{ h[Zkh—a) +( a)2kh—a:| (43)

which is equivalent to 77y 2 mpky [k —b(ky—ky,) | k.

We prove the existence of such an equilibrium in two steps.

Step 1: We want to show that Equation (41) simply moves the equilibrium along the line described by Equation (40). In other words, as 4,
/(1 —4,) varies from 0 to o, the corresponding variations of a and b cover every single point in Equation (40).

First, substitute Equation (40) into Equation (41) and rewrite the latter as a function of b only:
_ A, _M-3b N+M—-6b
1-4, N-4b N-M+2b

where M = (2k, — a)(2k,— 1) / k,, and N = 2k, — a. Notice that

94 _ 60Nb*+(36 N’ 20 MN+16M*)b+(TM>N—-4MN>-3N>-4M*)
ob ~ (N-4b)* (N-M +2b)?

and 60N >0, 36N 2 —20MN + 16M 2> 0, and TM 2N —4MN 2 - 3N 3 —4M < 0. Hence, A decreases in b when b is small, and increases in b
when b is large.

We also need to check whether Equation (41) itself imposes any restrictions on the variations of ». The only condition that has to be satisfied
is 4 > 0. Note that, 2k, — a — (a + b) > 0 is equivalent to 2b > (2k, — a)(2k, — 1)/k,, which is always true because k, — 1 <0. Similarly, 2k, —
a—3b+a > 0leads to 2a > (2k, — a)(2k, — 1)/k,, which is also true for all @ > 0. Finally, 2k, — o — 4b > 0 leads to b < (2k, — a)/4, which is
equivalent to a > (2k, — a)(5k, — 4)/(4k,) because b = 2k, — a)(2k, — 1)/(3k,) — a/3. Note that, if k, < 4/5, the inequality always holds.
Otherwise, Equation (41) imposes the additional condition that b > (2k, — a)/4.

So, when k;, < 4/5, J first decreases and then increases in b, as b goes up. In this case, every point on the line in (40) can be reached at a certain
4, and we only need to find one point on (40) to demonstrate the existence of separation. When k, > 4/5, 1 first decreases and then increases
in b, and goes to infinity as b approaches (2k, — a)/4. In this case, Equation (41) covers only part of the line in (40); that is, 0 < b < (2k, — a)/4.
We need to find a point within this range that satisfies the ICs to show the existence of separation.

Step 2: Reorganizing the ICH and ICL by substituting in @ = M — 3b, we have

2 2
khbs( 2bk;, j _[(M—3b)k,j +(l—a)[ 2bk;, _(M—3b)k,j£klb
Zkh—a 2k,—a 2kh—a/ 2k,—a

We denote the middle expression as 7(b). Notice that

2 2
BT:[ ky j8b+[ u ]6(M—3b)+(1—a)[ 2k, 3k ]>0
ob 2k

2k, -« —o 2k, - 2k -o

It is easy to see 7(0) <0, and 7(M/3) > 0. Hence, as long as 7(b = M/3) > k,b when k, < 4/5 or T(b = 2k, — a)/4) > k,b when k, > 4/5, a

2
separation must exist. When k), < 4/5, substituting in b = M/3, we need [21317]{}’ ) + (1 - a) 2]§bkh —kyb =20, which leads to k, > 3a/2 — 1.
h & h— &

In order for 0 < k, < 4/5, a has to satisfy that 2/3 < a < 1. Therefore, when 2/3 < a < 1 and 3a/2 — 1 < k;, < 4/5, there exists a separating
equilibrium.
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