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Appendix A 
 
Technical Details of All the Extensions 
 
In this appendix, we provide some of the technical details that were omitted from the main paper for readability. 
 
 
Heterogeneity in Piracy Cost 
 
Given the demand function in (3), we can solve the retailer’s maximization problem ( ) ( )max p p w q p−    

 

(ݓ)݌ = 	
ەۖۖ
۔ۖ
(ݓ)଴݌ۓۖ = ଵା௪ଶ , Case R0݌ଵ(ݓ) = ଵିఉା௥(ଵିఈ)ା௪(ଵିఈఉ)ଶ(ଵିఈఉ) Case R1݌ଶ(ݓ) = ଵା௪ଶ , Case R2݌ଷ(ݓ) = ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)ା௪ଶ , Case R3݌ସ(ݓ) = ଵିఉା௚ା௛௥ା௪ଶ , Case R4

 

 
For each case, we can now solve the manufacturer’s profit maximization problem max௪೔	ݓ௜݌௜(ݓ௜) to obtain the wholesale price, which can 
be substituted above to get the retail price. The overall solution for each case can be written as 
 

,ݓ) (݌ = 	
ەۖۖ
۔ۖ
,଴ݓ)ۓۖ (଴݌ = ቀభమ,			యరቁ, Case R0(ݓଵ, (ଵ݌ = ቆభషഁశೝ(భషഀ)మ(భషഀഁ) ,			య(భషഁశೝ(భషഀ))ర(భషഀഁ) ቇ, Case R1(ݓଶ, (ଶ݌ = ቀభమ,			యరቁ, Case R2(ݓଷ, (ଷ݌ = ቆଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)ଶ ,			ଷ(ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥))ସ ቇ, Case R3(ݓସ, (ସ݌ = ൬ଵିఉା௚ା௛௥ଶ ,			ଷ(ଵିఉା௚ା௛௥)ସ ൰, Case R4

 

We now turn our attention to the limit regions: 
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• Case R1A: In this region, the retailer is forced to set ݌ଵA = ೝഁ. The wholesale price in this case is ݓଵA = 	 ೝഁ	ି	(భషഁ)(ഁషೝ)ഁ(భషഀഁ) , which can be 

found by simply equating ݌ଵ(ݓ) to  ݌ଵA and solving for ݓ. 
• Case R1B: In this region, the retailer must set ݌ଵB = 1 − ߚ + ଵBݓ The wholesale price in this case is given by .ݎ = 2(1 − (ߚ ݎ+ − (భషഁ)(భషೝഀ)భషഀഁ , which is the solution of ݌ଵ(ݓ) =  .ଵB݌

• Case R3A: In this region, too, the retailer is forced to set ݌ଷA = 1 − ߚ +  The corresponding wholesale price is obtained from .ݎ
the solution of ݌ଷ(ݓ) = ଷAݓ ଷA and is given by݌ = 1 − ߚ + ݎ − ݃)ߙ + ℎݎ −  .(ݎ

• Case R3B: The limit retail price in this case is given by ݌ଷB = ೒శ೓ೝഁ . The corresponding wholesale price is obtained from the solution 

of ݌ଷ(ݓ) = ଷBݓ ଷB and is given by݌ = (మషഀഁ)(೒శ೓ೝ)ഁ − (1 − ߚ + 1)ݎ − In this case, a valid retail price must satisfy ೛యBషೝభషഁ .((ߙ ஸଵ. 
• Cases R4A and R4B: In these cases as well, the retailers is forced to set a limit retail price of ݌ସA = ସB݌ = ೒శ೓ೝഁ . The wholesale 

price in R4A is obtained from the solution of ݌ଷ(ݓ) = ସAݓ ସA and is given by݌ = (మషഀഁ)(೒శ೓ೝ)ഁ − (1 − ߚ + 1)ݎ −  the only ,((ߙ

difference with R3B being that, now, ೛రAషೝభషഁ வଵ. Case 4A must also satisfy ݓସA <  ସA. When this is violated, we enter Case 4B as݌

another limit case, where ݓସA = ସA݌ = ೒శ೓ೝഁ . 

 
With these closed form solutions for wholesale and retail prices, it is easy to find the manufacturer’s and retailer’s profits as 
 

,௠ߨ) (௥ߨ = 	

ەۖۖ
ۖۖۖ
ۖۖۖ
۔ۖ
ۖۖۖ
ۖۖۖ
,௠଴ߨ)ۓۖ (௥଴ߨ = ቀଵ଼, ଵଵ଺ቁ , Case R0(ߨ௠ଵ, (௥ଵߨ = ൬൫ଵିఉା௥(ଵିఈ)൯మ଼(ଵିఉ)(ଵିఈఉ) , ൫ଵିఉା௥(ଵିఈ)൯మଵ଺(ଵିఉ)(ଵିఈఉ)൰ , Case R1(ߨ௠ଵA, (௥ଵAߨ = ቆ(ఉି௥)ቀ௥൫ଶିఉ(ଵାఈ)൯ିఉ(ଵିఉ)ቁఉమ(ଵିఈఉ) , (ఉି௥)మ(ଵିఉ)ఉమ(ଵିఈఉ) ቇ , Case R1A(ߨ௠ଵB, (௥ଵBߨ = ቀఈ(ఉି௥)൫ଵିఉା௥(ଵାఈ)ିଶఈఉ(ଵିఉା௥)൯ଵିఈఉ , ఈమ(ఉି௥)మ(ଵିఉ)ଵିఈఉ ቁ , Case R1B(ߨ௠ଶ, (௥ଶߨ = ቀఈ଼, ఈଵ଺ቁ , Case R2(ߨ௠ଷ, (௥ଷߨ = ൭൫ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)൯మ଼(ଵିఉ) ,			൫ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)൯మଵ଺(ଵିఉ) ൱, Case R3(ߨ௠ଷA, (௥ଷAߨ = ቀఈ(௚ା௛௥ି௥)൫ଵିఉିఈ(௚ା௛௥)ା௥(ଵାఈ)൯ଵିఉ ,			ఈమ(௚ା௛௥ି௥)మଵିఉ ቁ , Case R3A(ߨ௠ଷB, ,(௥ଷBߨ Case R3B(ߨ௠ସ, (௥ସߨ = ቆఈ(ଵିఉା௚ା௛௥)మ଼(ଵିఉ) ,ఈ(ଵିఉା௚ା௛௥)మଵ଺(ଵିఉ) ቇ, Case R4(ߨ௠ସA, ,(௥ସAߨ Case R4A(ߨ௠ସB, (௥ସBߨ = 	 ቀఈ(௚ା௛௥)(ఉି௚ି௛௥)ఉమ , 0ቁ , Case R4B

 

 
where ߨ௠ଷB = (ଶ(௚ା௛௥)ିఉ(ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)))(ఉ൫ଵିఉା௥(ଵିఈ)൯ି(௚ା௛௥)(ଵିఈఉ))ఉమ(ଵିఉ) ௥ଷBߨ,	 = (௚ା௛௥ିఉ(ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)))మఉమ(ଵିఉ) ௠ସAߨ,	 = ఈ(௚ା௛௥ିఉ)(ఉ൫ଵିఉା௥(ଵିఈ)ାఈ(௚ା௛௥)൯ିଶ(௚ା௛௥))ఉమ 	,				andߨ௥ସA = ఈ(௚ା௛௥ିఉ)((ଵିఈఉ)(௚ା௛௥)ିఉ(ଵିఉା௥(ଵିఈ)))ఉమ 	.

 

 
The boundaries between these regions are obtained in two steps. First, we apply the validity conditions in (3) to R0, R1, R2, R3, and R4. We 
also apply the appropriate validity conditions to all the six limit regions. Once we have curtailed these individual regions by their validity 
conditions, only a few overlapping regions remain. To determine their explicit boundaries, we then compare the manufacturer’s profits across 
those overlapping cases. Because all our price and profit expressions are in closed form, we can easily find these boundaries in closed form 
as well. Once we curtail the overlapping regions using these boundaries, we get a unique equilibrium solution for every point in the parameter 
space. We omit the cumbersome algebraic expressions in favor of plots of the manufacturer’s and retailer’s profits as functions of ݎ and ߙ; 
Figure A1 shows these profit plots; for these plots, ߚ = 0.75, and the heterogeneity level is moderate (݃ = 0.1 and ℎ = 2). It is comforting 
to see that a two-dimensional slice of these plots for very small ߙ-values mimic our results depicted in Figure 2(a). 
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Figure A1.  Profit as a Function of ࢘ and ࢼ ;ࢻ = ૙. ૠ૞, ࢍ = ૙. ૚, ࢎ = ૛ 
 
A careful observation of the plots in Figure A1(b) and (d) reveals that there is indeed a region spanning portions of R1 and R1A, where both 
the manufacturer and retailer have profits higher than their respective benchmark values in R0. In fact, the red-blue humps in both plots over 
the translucent R0-plane are clearly visible. This win-win region is denoted by (ߩ෤ଷ	,  ௥଴. We findߨ ௥ଵA withߨ ෤ସ, by comparingߩ ௠଴, andߨ ௠ଵB withߨ ௠ଵ andߨ ෤ଷ is obtained by comparingߩ ;෤ସ) in Figure 7ߩ
 

෤ଷߩ = ۔ۖەۖ
ඥ(1	ۓ − 1)(ߚ − (ߚߙ − (1 − 1(ߚ − ߙ , if α ≤ ଻ି଼ఉାඥସଽିସ଼ఉଷଶఉ(ଵିఉ)ඥ21)ߙ − 1)(ߙ − ߚߙ2)(ߚߙ − ߚ2)ߙ)ߙ4(1 − 1) − 1) + 1 − ߚ2 − ߚߙ3 + ߚ2)ߙ)ଶ2ߚߙ4 − 1) − 1) , otherwise																																																																																																																																							  
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and ߩ෤ସ = ߚ ቌ1 − 14ඨ1 − 1ߚߙ − ߚ ቍ					 
 
A point to note here is that the above thresholds are independent of both ݃ and ℎ, and depend only on ߙ, the fraction of the high type. 
Furthermore, in the case of no heterogeneity, that is, when ߙ → 0, they reduce to the original (ߩଷ,  ସ) windowߩ
 limఈ→଴ ෤ଷߩ = 			and			ଷߩ limఈ→଴ ෤ସߩ =  .ସߩ
 
A structural observation is now in order. There are essentially two levers that control heterogeneity in the piracy cost. The first lever, ߙ, 
which simply indicates the extent of heterogeneity, exhibits a behavior that is essentially the same at both the extremes. When ߙ is small, we 
get back our original situation, because the fraction of the high type is negligible, making heterogeneity disappear for all practical purposes.  
 
However, the same is also true for very high ߙ, in which case, the fraction of the low type is negligible, and we get back our original problem 
with a linearly transformed piracy cost. This inherent symmetry of the setup is quite important to fully grasp this complicated analysis. Now, 
while ߙ indicates the extent, the level of heterogeneity is determined by the second lever of the (݃, ℎ) pair—when ݃ and ℎ are high, either 
individually or together, heterogeneity is high, but, when they are both small, that is, when ݃ → 	0 and ℎ → 	1, heterogeneity once again 
disappears, and we get back to our original problem setting. 
 
Now, even though the (ߩ෤ଷ	,  ෤ସ)  window is independent of ݃ and ℎ, we are still not assured of the existence of a win-win window. To fullyߩ
understand the impact of ݃ and ℎ on the existence of the win-win window, we need to determine what happens when they move from their 
moderate values of ݃ = 0.1 and ℎ = 2 as reported in Figure A1. It turns out that the ߩ෤ଷ-threshold, which was obtained by comparing ߨ௠ଵ 
and ߨ௠ଵB with ߨ௠଴, may no longer provide the valid left limit of the win-win window, if boundaries of R1 and R1B encroach upon ߩ෤ଷ. 
 
When ݃ or ℎ increases from its moderate value, there are no problems with the win-win window represented by (ߩ෤ଷ	,  ෤ସ). This is because theߩ
regions to the left of R1 and R1B actually move further to the left when either ݃ or ℎ increases. Therefore, there is no encroaching on ߩ෤ଷ, and 
the win-win window derived above remains intact. This is clearly visible in Figure A2(a). 
 

Figure A2.  Partitions of the (࢘, ࢼ ;ࢎ and ࢍ Space for Extreme (ࢻ = ૙. ૠ૞ 

However, as both ݃ and ℎ become small, the regions to the left of R1 and R1B start moving in towards the right, squeezing R1 and R1B in 
the process. At some point, when ݃ and ℎ are both really small, the boundary between R1 and R4B moves in sufficiently to encroach on the ߩ෤ଷ-threshold; see Figure A2(b). When that happens, (ߩ෤ଷ	, ,	෤෨ଷߩ) ෤ସ) is no longer the valid win-win window. The correct one becomesߩ  (෤෨ସߩ
෤෨ଷߩ  = max{ߩ෤ଷ, ܾଵ, ܾଶ, ܾଷ} 		and			ߩ෤෨ସ = max{ߩ෤ସ, ܾଷ} 
 
where ܾଵ is the boundary between regions R1 and R4B, ܾଶ between R1 and R3B, and ܾଷ between R1A and R4A. When ݃ and ℎ are very 
small, all these boundaries, ܾଵ, ܾଶ, and ܾଷ, get pushed to the right, resulting in some shrinkage of the win-win window, (ߩ෤෨ଷ	,  ,෤෨ସ). Howeverߩ
well before this win-win window can be fully usurped, a second win-win window starts appearing to its left. The emergence of this second 
win-win window may seem surprising at first, but can be clearly predicted from the symmetry of the problem we discussed earlier. The first 
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win-win window, (ߩ෤෨ଷ	,  ෤෨ସ), occurs because of the existence of the low type. When the level of heterogeneity is low, that is, both ݃ and ℎ areߩ
small, the high type is now very close to the low type and must, therefore, behave in a similar fashion, implying that the high type ought to 
get a win-win window of its own. 

 

Figure A3.  Profit as a Function of ࢘ and ࢼ ;ࢻ = ૙. ૠ૞, ࢍ = ૙. ૙૚, ࢎ = ૚. ૚ 

 
To illustrate, we once again plot the manufacturer’s and retailer’s profits in Figure A3, this time for ݃ = 0.01 and ℎ = 1.1. Figure A3 clearly 
reveals the pink-purple humps above the benchmark levels in both the profit plots; of course, these humps are there in addition to the original 
red-blue ones, which have now shrunk somewhat. This second win-win window is denoted (ߩොଷ,  ොସ can be easily obtained byߩ ොଷ andߩ ;(ොସߩ
comparing the retailer’s profit in regions R3 and R3B with their benchmark value in R0. We get 
ොଷߩ  = ඥଵିఉି(ଵିఉା௚ఈ)ଵାఈ(௛ିଵ) 			and			ߩොସ = ఉ൫ସ(ଵିఉ)ିඥଵିఉ൯ିସ௚(ଵିఈఉ)ସ(௛(ଵିఈఉ)ିఉ(ଵିఈ)) 	 
 
As ݃ and ℎ decrease even further, the first window, (ߩ෤෨ଷ	, ,ොଷߩ) ,෤෨ସ), shrinks, but the second windowߩ  ොସ), actually expands. It is easy to seeߩ
that, when heterogeneity is absent, the second window becomes the same as the original (ߩଷ,  ସ) window, becauseߩ
 lim௚→଴௛→ଵ ොଷߩ = 			and			ଷߩ lim௚→଴௛→ଵ ොସߩ =  ସߩ

 
 
Commercial Pirates  
 
In this setup, a consumer can enjoy a utility of (ݒ − ߚݒ) from purchasing the legal version, or (݌ − ݎ −  from a pirated copy. Similar to (ݏ
(1), the legal and illegal demands for given ݌ and ݏ, respectively denoted ݌)ݍ, ,݌)തݍ and (ݏ  can now be rewritten as ,(ݏ
 

(݌)ݍ  = ൝	1 − ௣ି(௥ା௦)ଵିఉ , if ݌ > ௥ା௦ఉ1 − ,݌ otherwise
				and					ݍത(݌) = ൝	௣ି(௥ା௦)ଵିఉ − ௥ା௦ఉ , if ݌ > ௥ା௦ఉ0, otherwise

	  (A1) 

 

Given these demand functions, the commercial pirate chooses ݏ in order to maximize its profit ߨ௦(ݏ) = ,݌)തݍ	ݏ	  Since .(ݏ
డమగೞడ௦మ = − మഁ(భషഁ) < 0, 

we solve the first order condition, 
డగೞడ௦ = ೛ഁషೝషమೞഁ(భషഁ) = 0, to obtain the optimal ݏ for a given ݌ 

 

(݌)∗ݏ  = ൝	௣ఉି௥ଶ , if ݌ > ௥ఉ0, otherwise
	  (A2) 
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Anticipating this response from the commercial pirate, the retailer chooses ݌ in order to maximize its profit ߨ௥(݌) 	= 	 ݌) − ,݌)ݍ	(ݓ  .((݌)∗ݏ
Now, if ݌)ݍ, (ݏ = 1	 −	೛ష(ೝశೞ)భషഁ , then ߨ௥(݌, (ݏ = ݌) − (ݓ ቀ1	 −	೛ష(ೝశೞ)భషഁ ቁ. Substituting ݏ for (݌)∗ݏ in (A2) and taking the derivative with respect 

to ݌, we obtain 
 

 
డగೝడ௣ = ଶା௥ାଶ௪ିଶ௣(ଶିఉ)ିఉ(ଶା௪)ଶ(ଵିఉ) 	  (A3) 

 

Since 
డమగೝడ௣మ = −1 − భభషഁ < 0, the first-order condition results in (ݓ)∗݌ = ೝశమ(భశೢ)షഁ(మశೢ)మ(మషഁ) , which, according to (A1), must be greater than  ௥ା௦∗(௣∗(௪))ఉ , or ݓ > మೝഁ − 1 + ഁషೝమషഁ, for this solution to be valid. 

 
If, on the other hand, ݌)ݍ, (ݏ = 1 − ,݌)௥ߨ then ,݌ (ݏ = (݌)௥ߨ = ݌) − 1)(ݓ −  Therefore, we get .(݌
 

 
డగೝడ௣ = 1 − ݌2 +  (A4)  	ݓ

 
Since the second-order condition is trivially satisfied, we can equate (A4) to zero to obtain (ݓ)∗݌ = భశೢమ , which must be smaller than ௥ା௦∗(௣∗(௪))ఉ , or ݓ < మೝഁ − 1, for this solution to be valid.  

 
Now, for moderate values of ݓ, that is, if మೝഁ − 1 ≤ ݓ ≤ మೝഁ − 1 + ഁషೝమషഁ , ങഏೝങ೛  given by (A3) is negative, whereas that given by (A4) is positive. 

Naturally, the optimal ݌ is simply ೝഁ. Taken together, the optimal retail price for a given (ݓ)∗݌ ,ݓ, is 

 

(ݓ)∗݌  = ۔ۖەۖ
௥ାଶ(ଵା௪)ିఉ(ଶା௪)ଶ(ଶିఉ)	ۓ , if ݓ > మೝഁ − 1 + ഁషೝమషഁ௥ఉ , if	 మೝഁ − 1 ≤ ݓ ≤ మೝഁ − 1 + ഁషೝమషഁଵା௪ଶ , otherwise

	  (A5) 

 
The manufacturer, the first mover in the game, anticipates the retailer’s pricing decisions and chooses the optimal wholesale price ݓ∗ to 
maximize ߨ௠(ݓ) = ,(ݓ)∗݌)ݍ	ݓ ݓ It is clear from (A5) that we have three cases to consider: (i) .(((ݓ)∗݌)∗ݏ > మೝഁ − 1 + ഁషೝమషഁ, (ii) మೝഁ − 1 ݓ≥ ≤ మೝഁ − 1 + ഁషೝమషഁ, and (iii) ݓ < మೝഁ − 1. 

 
For case (i), the manufacturer’s profit is ߨ௠ = ೢ(మశೝషమ	ഁషೢ(మషഁ))ర(భషഁ) . Since ങమഏ೘ങೢమ = − మషഁమ	(భషഁ) < 0, the first order condition, ങഏ೘ങೢ = మశೝషమഁషమೢ(మషഁ)ర	(భషഁ) = 0, 

results in ݓ∗ = మశೝషమഁ	మ(మషഁ) , which, according to (A5), must be greater than మೝഁ − 1 + ഁషೝమషഁ, or ݎ ≤ లഁ(భషഁ)ఴషళഁ =  .෤ଵ, for this equilibrium to be validߩ

 
For case (ii), ݌∗ = ೝഁ. The manufacturer, unwilling to leave money on the table, always chooses the highest value from the range మೝഁ − 1 ݓ≥ ≤ మೝഁ − 1 + ഁషೝమషഁ, resulting in ݓ∗ = మೝഁ − 1 + ഁషೝమషഁ. This equilibrium is valid across all ݎ ≤ ∗ݏ since ߚ = 0 in this equilibrium. If ݎ > ∗݌ then ,ߚ = ೝഁ > 1, and no consumer would buy the product. Therefore, ݎ >  .cannot happen in case (ii) ߚ

 

Finally, in case (iii), (ݓ)∗݌ = ଵା௪ଶ , and the manufacturer’s profit is ߨ௠ = ೢ(భషೢ)మ , implying ݓ∗ = భమ. According to (A5), this ݓ∗ must be no 

more than మೝഁ − 1, implying ݎ ≥ యరഁ = ෤ଵߩ ෤ହ. It is easy to verify thatߩ <   .෤ହߩ

 
Now, case (ii) is the only valid equilibrium if ߩ෤ଵ ≤ ݎ ≤ ݎ ෤ହ. On the other hand, ifߩ <  ෤ଵ, both cases (i) and (ii) are valid. However, theߩ
optimal profit from an interior solution ought to be higher, which immediately implies that case (i) is the equilibrium outcome for ݎ <  .෤ଵߩ
Further, if ݎ >  ෤ହ, both cases (ii) and (iii) are possible, and we must compare the manufacturer’s profit in these two cases to determine theߩ
equilibrium. We can obtain the optimal profits for these two cases using the ݓ∗ for the respective cases. The optimal profit for case (ii) is (ഁషೝ)(ೝ(రషయഁ)షమഁ(భషഁ))ഁమ(మషഁ) , and that for case (iii) is simply భఴ. Comparing these two profits, it is easy to verify that the manufacturer would choose the 

first option if	ݎ ≥ ഁ൫భమషభబഁశඥమഁ(మషഁ)൯ర(రషయഁ) = ෤ଶߩ ෤ଶ. Sinceߩ > ݎ ෤ହ holds trivially, (iii) is the equilibrium outcome only ifߩ ≥   .෤ଶߩ

 
Combining the above with (A5), the optimal ݓ and ݌ are given by 
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∗ݓ = ۔ۖەۖ
ଶ(ଵିఉ)ା௥ଶ(ଶିఉ)ۓ , if ݎ < ,	෤ଵమೝഁିଵାഁషೝమషഁߩ if	ߩ෤ଵ ≤ ݎ < ଴ݓ෤ଶߩ = ଵଶ, otherwise 			and			݌∗ = ۔ۖەۖ

଺(ଵିఉ)ାଷ௥ସ(ଶିఉ)ۓ , if ݎ < ,	෤ଵೝഁߩ if	ߩ෤ଵ ≤ ݎ < ଴݌෤ଶߩ = ଷସ, otherwise  

 
Using these ݌∗ and ݓ∗, we can find the equilibrium profits for the manufacturer and retailer as ߨ௠∗  and  ߨ௥∗, respectively: 
 

∗௠ߨ = ۔ۖەۖ
ۓ (ଶ(ଵିఉ)ା௥)మଵ଺(ଶିఉ)(ଵିఉ), if ݎ < ෤ଵ(ഁషೝ)(ೝ(రషయഁ)షమഁ(భషഁ))ഁమ(మషഁ)ߩ , if	ߩ෤ଵ ≤ ݎ < ௠଴ߨ෤ଶߩ = ଵ଼, otherwise 			and			ߨ௥∗ = ۔ۖەۖ

ۓ (ଶ(ଵିఉ)ା௥)మଷଶ(ଶିఉ)(ଵିఉ), if ݎ < ෤ଵమ(భషഁ)(ഁషೝ)మഁమ(మషഁ)ߩ 	, if	ߩ෤ଵ ≤ ݎ < ௥଴ߨ෤ଶߩ = ଵଵ଺, otherwise  

 
We now examine to see if and when the manufacturer and the retailer are better off with piracy than without. First, since in the piracy region (ݎ < ∗௠ߨ ,෤ଵ), the manufacturer’s profitߩ = (ଶ(ଵିఉ)ା௥)మଵ଺(ଶିఉ)(ଵିఉ), is increasing in ݎ, equating this profit to the benchmark profit of ߨ௠଴ = భఴ and solving 

for ݎ, we find ݎ = ඥ4 − 3)ߚ2 − (ߚ − 2(1 − ݎ ,must abide by the restriction ݎ of course, for it to be a valid root this ;(ߚ <  ෤ଵ, which isߩ
equivalent to ߚ < భలభళ. Next, in the threat region (ߩ෤ଵ ≤ ݎ < ∗௠ߨ ,෤ଶ), the manufacturer’s profitߩ = (ഁషೝ)(ೝ(రషయഁ)షమഁ(భషഁ))ഁమ(మషഁ) , can never be less than ߨ௠଴. In other words, for all ߚ ≤ భలభళ, a necessary and sufficient for the manufacturer to be better off is ඥ4 − 3)ߚ2 − (ߚ − 2(1 − (ߚ < ݎ  .෤ଶߩ>
 
The case of ߚ > భలభళ is somewhat different. Here, the threat region takes over at a lower ݎ; the profit function for the threat region meets the 
benchmark profit, ߨ௠଴ = భఴ, two times, first at point ߩ෤ଶ௖ and then again at ߩ෤ଶ, where ߩ෤ଶ௖ is the root conjugate to ߩ෤ଶ and is given by 
෤ଶ௖ߩ  = ൫12ߚ − ߚ10 − ඥ22)ߚ − ൯4(4(ߚ − (ߚ3  

 
Therefore, for all ߚ > భలభళ, the manufacturer would be better off if and only if ߩ෤ଶ௖ < ݎ <  ෤ଶ. Definingߩ
෤ଷߩ  = ቐඥସିଶఉ(ଷିఉ)ିଶ(ଵିఉ), if ߚ ≤ ଵ଺ଵ଻ߩ෤ଶ௖ = ఉ൫ଵଶିଵ଴ఉିඥଶఉ(ଶିఉ)൯ସ(ସିଷఉ) , otherwise 

 
it is clear that the manufacturer is better off if ߩ෤ଷ 	< ݎ	 <  .෤ଶߩ
 

Next, we consider the retailer. The retailer’s profit, ߨ௥∗ = (ଶ(ଵିఉ)ା௥)మଷଶ(ଶିఉ)(ଵିఉ), is also increasing in ݎ in the piracy region (ݎ <  ෤ଵ). Therefore, asߩ

before, equating this profit to the benchmark profit of ߨ௥଴ = భభల and solving for ݎ, we find that the retailer would also be better off if ݎ >ඥ4 − 3)ߚ2 − (ߚ − 2(1 − ߚ and (ߚ ≤ భలభళ. In the threat region (ߩ෤ଵ ≤ ݎ < ௥ߨ ,෤ଶ), the retailer’s profitߩ = ଶ(ଵିఉ)(ఉି௥)మఉమ(ଶିఉ) , is decreasing in ݎ. This 

profit is greater than or equal to ߨ௥଴ = భభల if and only if ݎ < ഁ൭(భషഁ)ቆఴషమටమ(భషഁ)మషഁ ቇషഁටమ(భషഁ)మషഁ ൱ఴ(భషഁ)  and ߚ ≤ భలభళ. We define 

 

෤ସߩ = ۔ۖەۖ
ఉ൭(ଵିఉ)൬଼ିଶටమ(భషഁ)మషഁۓ ൰ିఉටమ(భషഁ)మషഁ ൱଼(ଵିఉ) , if ߚ ≤ ଵ଺ଵ଻ߩ෤ଶ௖ = ఉ൫ଵଶିଵ଴ఉିඥଶఉ(ଶିఉ)൯ସ(ସିଷఉ) , otherwise 

 
Clearly then, the retailer is better off in the presence of piracy or its threat if ߩ෤ଷ < ݎ	 <    .෤ସߩ
 
 
Subscription Services and Product Bundling 
 
Assuming that the consumers’ valuation for the bundle still follows a uniform distribution over [0,1], and the same degradation factor, ߚ, for 
both types of pirated content, it is easy to verify that the legal demand is still given by (݌)ݍ in (1). The retailer chooses ݌ in order to maximize 
its profit ߨ௥(݌) = ݌) − ଵݓ −  .(݌)ݍ	(ଶݓ
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If (݌)ݍ = 1	 −	 ೛షೝభషഁ, then ߨ௥(݌) = ݌) − ଵݓ − (ଶݓ ቀ1	 −	 ೛షೝభషഁቁ, and by taking the derivative with respect to ݌, we obtain 

 

 
డగೝడ௣ = 1 − ଶ௣ି௥ି(௪భା௪మ)ଵିఉ 	  (A6) 

 

Since 
డమగೝడ௣మ = − మభషഁ < 0, the first-order condition results in ݌∗(ݓ,1_ݓଶ) = భషഁశೝశೢభశೢమమ , which, according to (1), must be greater than  

௥ఉ, or ݓଵ + ଶݓ > మೝഁ − (1 − ߚ +  .for this solution to be valid ,(ݎ

 
If, on the other hand, (݌)ݍ = 1 − (݌)௥ߨ then ,݌ = ݌) − ଵݓ − ଶ)(1ݓ −  so we get ,(݌
 

 
డగೝడ௣ = 1 − ݌2 + ଵݓ +    (A7)	ଶݓ

 
Since the second-order condition is trivially satisfied, we can set (A7) to zero to obtain (ݓ)∗݌ = భశೢభశೢమమ , which must be smaller than 

௥ఉ, or ݓଵ + ଶݓ < మೝഁ − 1, for this solution to be valid.  

 
Now, for moderate values of (ݓଵ + ଶ), that is, if మೝഁݓ − 1 ≤ ଵݓ + ଶݓ ≤ మೝഁ − (1 − ߚ + ങഏೝങ೛ , (ݎ  in (A6) is negative, whereas that in (A7) is 

positive. Naturally, the optimal ݌ is simply ೝഁ. Taken together, the optimal retail price, ݓ)∗݌ଵ,  ଶ), can be expressed asݓ

 

,ଵݓ)∗݌  (ଶݓ = ۔ۖەۖ
ଵିఉା௥ା௪భା௪మଶ	ۓ , if ݓଵ + ଶݓ > మೝഁ − (1 − ߚ + ௥ఉ(ݎ , if	 మೝഁ − 1 ≤ ଵݓ + ଶݓ ≤ మೝഁ − (1 − ߚ + ଵା௪భା௪మଶ(ݎ , otherwise

	  (A8) 

 
Now consider the move from manufacturer 1. It anticipates this reaction from the retailer and, given the other manufacturer’s wholesale 
price, ݓଶ, sets its own optimal wholesale price ݓଵ(ݓଶ) to maximize ߨ௠భ(ݓଵ,ݓଶ) = ,ଵݓ)∗݌)ݍ	ଵݓ  ଶ)). As before, we have three cases toݓ
consider: (i) ݓଵ + ଶݓ > మೝഁ − (1 − ߚ + మೝഁ (ii) ,(ݎ − 1 ≤ ଵݓ + ଶݓ ≤ మೝഁ − (1 − ߚ + ଵݓ and (iii) ,(ݎ + ଶݓ < మೝഁ − 1. For case (i), manufacturer 1 gets a profit of 
௠భߨ  = ଵ(1ݓ	 − ߚ + ݎ − ଵݓ) + ଶ))2(1ݓ − (ߚ  

 

Since ങమഏ೘భങೢభ	మ	 = − భభషഁ < 0, solving the first order condition, ങഏ೘భങೢభ = భషഁశೝషమೢభషೢమమ	(భషഁ) = 0, we get the optimal response function: ݓଵଵ(ݓଶ) = భషഁశೝషೢమ	మ . 

Similar logic applied to manufacturer 2 gives us its response function as: ݓଶଵ(ݓଵ) = భషഁశೝషೢభ	మ . Simultaneously solving the two response 
functions, we obtain ݓଵଵ∗ = ∗ଶଵݓ = భషഁశೝయ . For this equilibrium to be valid, (ݓଵଵ∗ + ଶଵ∗) must be greater than మೝഁݓ − (1 − ߚ +  which is ,(ݎ

equivalent to ݎ ≤ ఱഁ(భషഁ)లషఱഁ =  .෤ଵߩ

 
For case (ii), ݌∗ = ೝഁ. The manufacturers, unwilling to leave money on the table, always choose the highest value from the range మೝഁ − 1 ଵݓ≥ + ଶݓ ≤ మೝഁ − (1 − ߚ + (ݎ , resulting in response functions: ݓଵଶ(ݓଶ) = మೝഁି(ଵିఉା௥) − ଶݓ  and ݓଶଶ(ݓଵ) = మೝഁି(ଵିఉା௥) − ଵݓ . Once again, 

simultaneously solving the two response functions, we get ݓଵଶ∗ = ∗ଶଶݓ = ೝഁ	ି	భషഁశೝమ . To determine the validity of this solution, we note that it 

must be incentive compatible in the sense that a manufacturer must not have the incentive to deviate to case (i) if the other manufacturer is 
in case (ii). However, it turns out that 
∗௠భห௪భୀ௪భభ൫௪మమ∗൯,௪మୀ௪మమߨ  − ∗௠భห௪భୀ௪భమ൫௪మమ∗൯,௪మୀ௪మమߨ = 	 ൫ହఉ(ଵିఉ)ି௥(଺ିହఉ)൯మଷଶఉమ(ଵିఉ) ≥ 0 

 
This is expected; after all, the interior response for a manufacturer should always be better than the boundary response, meaning that case (i) 
dominates case (ii). However, as we have shown above, case (i) is a valid equilibrium only if ݎ < ෤ଵߩ . Therefore, for all ݎ < ෤ଵߩ , the 
manufacturer would have an incentive to switch from case (ii) to case (i), so case (ii) cannot be a valid equilibrium there. In contrast, if ݎ   .෤ଵ, case (i) is not valid, so case (ii) can be a valid equilibrium thereߩ≤
 

Finally, in case (iii), ݓ)∗݌ଵ, (ଶݓ = ଵା௪భା௪మଶ , and manufacturer 1 gets a profit of ߨ௠భ = ೢభ(భష(ೢభశೢమ))మ , which is convex in ݓଵ and can be easily 

maximized using the first order condition. The resulting response functions are ݓଵଷ(ݓଶ) = భషೢమమ  and ݓଶଷ(ݓଵ) = ଵି௪భଶ , implying ݓଵଷ∗ = ∗ଶଷݓ =
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భయ. For this solution to be valid, we must have ݓଵଷ∗ + ∗ଶଷݓ < మೝഁ − 1, that is, ݎ ≥ ఱలഁ =  ෤ହ. Comparing manufacturers’ profits in cases (ii) andߩ

(iii), we find that case (ii) with prevail over case (iii) if ݎ < ෤ଶߩ = ഁ(వషలഁశඥభశరഁ)ల(మషഁ) . It is easy to verify that ߩ෤ଶ >  ෤ହ, making the overall solutionߩ

spanning the three cases complete. 
 
With the closed-form solution for ݓଵ∗ and ݓଶ∗, we can derive ݌∗ from (A8). Therefore, the equilibrium solution is given by 
 

∗ଵݓ = ∗ଶݓ = ۔ە
ଵିఉା௥ଷۓ , if ݎ < ෤ଵೝഁିభషഁశೝమߩ 	, if	ߩ෤ଵ ≤ ݎ < ଴ݓ,෤ଶߩ = ଵଷ, otherwise 			and			݌∗ = ۔ە

ହ(ଵିఉା௥)଺ۓ , if ݎ < ,	෤ଵೝഁߩ if	ߩ෤ଵ ≤ ݎ < ଴݌෤ଶߩ = ହ଺, otherwise  

 
where, as stated earlier, ߩ෤ଵ = ఱഁ(భషഁ)లషఱഁ  and ߩ෤ଶ = ഁ(వషలഁశඥభశరഁ)ల(మషഁ) . From these, we can now obtain the profits for the manufacturers and the retailer 

as 
 

∗௠భߨ = ∗௠మߨ = ۔ۖەۖ
మଵ଼(ଵିఉ)(ଵିఉା௥)ۓ , if ݎ < ෤ଵ(ഁషೝ)(ೝష(భషഁ)(ഁషೝ))మഁమߩ 	, if	ߩ෤ଵ ≤ ݎ < ௠଴ߨ෤ଶߩ = ଵଵ଼, otherwise 			and			ߨ௥∗ = ۔ۖەۖ

మଷ଺(ଵିఉ)(ଵିఉା௥)ۓ , if ݎ < ෤ଵ(భషഁ)(ഁషೝ)మഁమߩ 	, if	ߩ෤ଵ ≤ ݎ < ௥଴ߨ෤ଶߩ = ଵଷ଺, otherwise  

 
When these profits are compared to their benchmark values, we can obtain the win-win window similar to the one in Theorem 1. First, since 

in the piracy region (ݎ < ∗௠భߨ ,෤ଵ), the manufacturers’ profitsߩ = ∗௠మߨ = (ଵିఉା௥)మଵ଼(ଵିఉ) , are increasing in ݎ, equating these profits to the benchmark 

profits of ߨ௠଴ = భభఴ and solving for ݎ, we find ݎ = ඥ1 − ߚ − (1 − ݎ must abide by the restriction ݎ of course, for it to be a valid root this ;(ߚ < ෤ଵߩ , which is equivalent to ߚ < మరమఱ . Next, in the threat region (ߩ෤ଵ ≤ ݎ < (෤ଶߩ , the manufacturers’ profits, ߨ௠భ∗ = ∗௠మߨ =(ఉି௥)(௥ି(ଵିఉ)(ఉି௥))ଶఉమ , can never be less than ߨ௠଴. In other words, for all ߚ ≤ మరమఱ, a necessary and sufficient condition for the manufacturer to 

be better off is ඥ1 − ߚ − (1 − (ߚ < ݎ <  .෤ଶߩ
 
The case of ߚ > మరమఱ is somewhat different. Here, the threat region takes over at a lower ݎ; the profit function for the threat region meets the 
benchmark profit, ߨ௠଴ = భభఴ, two times, first at point ߩ෤ଶ௖ and then again at ߩ෤ଶ, where ߩ෤ଶ௖ is the root conjugate to ߩ෤ଶ and is given by 
෤ଶ௖ߩ  = ൫9ߚ − ߚ6 − ඥ1 + ൯6(2ߚ4 − (ߚ  

 
Therefore, for all ߚ > మరమఱ, the manufacturer would be better off if and only if ߩ෤ଶ௖ < ݎ <  ෤ଶ. Definingߩ
෤ଷߩ  = ቐඥଵିఉି(ଵିఉ), if ߚ ≤ ଶସଶହߩ෤ଶ௖ = ఉ൫ଽି଺ఉିඥଵାସఉ൯଺(ଶିఉ) , otherwise 

 
it is clear that the manufacturers are better off if ߩ෤ଷ 	< ݎ	 <  .෤ଶߩ
 
 

Next, we consider the retailer. The retailer’s profit, ߨ௥∗ = (ଵିఉା௥)మଷ଺(ଵିఉ) , is also increasing in ݎ in the piracy region (ݎ <  ,෤ଵ). Therefore, as beforeߩ

equating this profit to the benchmark profit of ߨ௥଴ = భయల and solving for ݎ, we find that the retailer would also be better off if ݎ > ඥ1 − ߚ −(1 − ߚ and (ߚ ≤ మరమఱ. In the threat region (ߩ෤ଵ ≤ ݎ < ∗௥ߨ ,෤ଶ), the retailer’s profitߩ = (ଵିఉ)(ఉି௥)మఉమ , is decreasing in ݎ. This profit is greater than 

or equal to ߨ௥଴ = భయల if and only if ݎ < ఉ൬ଵି భలඥభషഁ൰ and ߚ ≤ మరమఱ. We define 

෤ସߩ  = ቐఉ൬ଵି భలඥభషഁ൰, if ߚ ≤ ଶସଶହߩ෤ଶ௖ = ఉ൫ଽି଺ఉିඥଵାସఉ൯଺(ଶିఉ) , otherwise 

 
Clearly then, the retailer is better off in the presence of piracy or its threat if ߩ෤ଷ < ݎ	 <    .෤ସߩ
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Piracy Cost Recouped by the Legal Channel  
 
Recall that the demands for the legal and illegal versions at a given retail price ݌ are exactly as those in our original model in (1). However, 
in this extension, the manufacturer and retailer also make an additional ݎߣߤ and (1 −  respectively, for every unit of illegal product ,ݎߣ(ߤ
sold. Using (1), the resulting profit functions for the manufacturer and the retailer can then be written as 
 

௠ߨ  = ൝	ݓ ቀ1 − ௣ି௥ଵିఉቁ + ݎߣߤ ቀ௣ି௥ଵିఉ − ௥ఉቁ , if ݌ > ௥ఉ1)ݓ − ,(݌ otherwise
																									  (A9) 

 

௥ߨ  = ൝	(݌ − (ݓ ቀ1 − ௣ି௥ଵିఉቁ + (1 − ݎߣ(ߤ ቀ௣ି௥ଵିఉ − ௥ఉቁ , if ݌ > ௥ఉ(݌ − 1)(ݓ − ,(݌ otherwise
	  (A10) 

 
As a result, the optimal prices differ from those in the original model. The optimal retail price for a given (ݓ)∗݌ ,ݓ, can now be found by 
maximizing ߨ௥ in (A10). Repeating exactly the same method we used for deriving Lemma 1, we can easily derive an analogous expression 
for the optimal ݌ in this extended setup 
 

(ݓ)∗݌  = ۔ۖەۖ
ଵିఉା௥(ଵାఒ(ଵିఓ))ା௪ଶ	ۓ , if ݓ > ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 − ௥ఉ	(ߚ , if ଶ௥ఉ − 1 ≤ ݓ ≤ ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 − ଵା௪ଶ(ߚ , otherwise

  

  
Note that, when ߣ = 0, this (ݓ)∗݌ coincides with that given in Lemma 1. We are now ready to characterize the new ߩ௜  thresholds, ݅ ∈{1,2,3,4,5}; to avoid confusion with our original notation, we denote the new ones as ߩ෤௜ here. 
 
Once the retailer’s response, (ݓ)∗݌, is known, the manufacturer’s problem is to maximize 1)ݓ − ݓ above that we have three cases to consider: (i) (ݓ)∗݌ It is clear from the expression of .((ݓ)∗݌ > ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 −  (ii) ,(ߚ

ଶ௥ఉ − 1 ≤ ݓ ≤ ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ −(1 − ݓ and (iii) ,(ߚ < ଶ௥ఉ − 1. 

 

For case (i), (ݓ)∗݌ 	= ଵିఉା௥(ଵାఒ(ଵିఓ))ା௪ଶ , and the first order condition with respect to ݓ results in ݓ∗ = భషഁశೝ(భశഊ(మഋషభ))మ . This solution must 

be greater than 
ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 − ݎ which leads to ,(ߚ < ෤ଵߩ = యഁ(భషഁ)రషయഁ(భశഊ). 

 
For case (ii), ݌∗ = ௥ఉ . The manufacturer, unwilling to leave money on the table, always chooses the highest value from the range ቂଶ௥ఉ − 1, ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 − ∗ݓ ቃ, resulting in(ߚ = ଶ௥ఉ − 1)ݎ + 1)ߣ − ((ߤ − (1 − ݎ This equilibrium is valid across all .(ߚ ≤  As .ߚ

was the case in our original model, ݎ >  .still falls under case (iii), in which no consumer considers the pirated product as an option ߚ
 

Finally, in case (iii), (ݓ)∗݌ = భశೢమ , which leads to ݓ∗ = భమ. This ݓ∗ must be less than 
ଶ௥ఉ − 1, implying that ݎ ≥ యరഁ =  ෤ହ must hold for caseߩ

(iii) to occur. 
 
Now, case (ii) is the only valid equilibrium if ߩ෤ଵ ≤ ݎ ≤ ݎ ෤ହ. On one hand, ifߩ <  ෤ଵ, both cases (i) and (ii) are valid. However, the optimalߩ
profit from an interior solution ought to be higher, which immediately implies that case (i) is the equilibrium outcome for ݎ <  ෤ଵ. If, on theߩ
other hand, ݎ >  ෤ହ, both cases (ii) and (iii) are possible, and we must compare the manufacturer’s profit in these two cases to determine theߩ
equilibrium. We can obtain the optimal profits for these two cases using the ݓ∗ for the respective cases. The optimal profit for case (ii) is (ഁషೝ)(ೝ(మషഁ(భశഊ(భషഋ)))షഁ	(భషഁ))ഁమ . The optimal profit for case (iii) is simply భఴ. Accordingly, ߩ෤ଶ, the boundary between the limit and benchmark regions, 

is given by 
෤ଶߩ  = ߚ ቌ1 − 2(1 − 1)ߣߚ − ((ߤ − ඥ21)ߚ − 1)ߣ − 3)(ߤ − 1)ߣߚ2 − 4(((ߤ ቀ2 − ൫1ߚ + 1)ߣ − ൯ቁ(ߤ ቍ 

 
Now, let us turn to the win-win region. Unlike in our original model, it is no longer true that the manufacturer wins whenever the retailer 
wins. This is because, when ߤ is small and consequently (1 −  is large, the retailer may win while the manufacturer loses. Therefore, to (ߤ
find ߩ෤ଷ, we must first find the  thresholds for the manufacturer and retailer separately. Once we know the thresholds above which the 
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manufacturer and retailer are better off, we can take their maximum to determine ߩ෤ଷ. The threshold for the manufacturer, ߩ෤ଷ௠, is obtained 
by equating the manufacturer’s profit in the piracy region with that in the benchmark region. The manufacturer’s profit in the piracy region 
is 
1)ݎߚ2  − 1)(ߚ − 1)ߣ − ((ߤ4 + (1 − ଶ(ߚ 1)ߚ)ଶݎ	+ − ଶ(ߣ − 1)ߤߣ8 − 1)ߚ8((ߚ − (ߚ  

 
Since the profit in the benchmark region is భఴ, we get 
෤ଷ௠ߩ  = 1ߚ − 1)ߣ − (ߤ4 + ටଵିఒ(ଶିఒ(ଵି଼ఓ(ଵିఉ)(ଵିଶఓ)))ଵିఉ 	 
 
Similarly, we can solve the retailer’s threshold. Its profit in the piracy region is 
1)ݎߚ2  − 1)(ߚ + 7)ߣ − ((ߤ8 + 1)ߚ − ଶ(ߚ 1)ߚ)ଶݎ	+ − ଶ(ߣ − 1)ߣ16 − 1)(ߚ − 1)ߚ16((ߤ − (ߚ  

 
The retailer makes భభల in the benchmark region. It immediately follows that 
෤ଷ௥ߩ  = 1ߚ − 7)ߣ − (ߤ8 + ටଵିఒ(ଶିఒ((଻ି଼ఓ)మିଵ଺ఉ(ଵିఓ)(ଷିସఓ)))ଵିఉ 	 
 

It is easy to verify that ߩ෤ଷ௠ > ߤ ෤ଷ௥ forߩ < ଶଷ, which leads to 

෤ଷߩ  = ቊߩ෤ଷ௠, if ߤ < ଶଷߩ෤ଷ௥, otherwise
 

 
Now, to solve for ߩ෤ସ, we need to compare the profit in case (ii) with the benchmark profit in case (iii). We again do this exercise separately 
for the manufacturer and retailer to obtain ߩ෤ସ௠ and ߩ෤ସ௥, respectively. The upper bound of the win-win region, ߩ෤ସ, is then the smaller of these 
two thresholds. Note that, by definition, 
෤ସ௠ߩ  =  ෤ଶߩ
 
and ߩ෤ସ௥ is the solution of 
ߚ)  − 1)ߚ)(ݎ − (ߚ − 1)ݎ − 1)ߚ + 1)ߣ − ଶߚ((((ߤ = 116 

 
Therefore, 
෤ସ௥ߩ   = ߚ ൭1 + 1)ߣߚ2 − (ߤ − ඥ1 − 1)ߚ + 1)ߣ − 1)(ߤ − 1)ߣߚ4 − 1)4(((ߤ − 1)ߚ + 1)ߣ − (((ߤ ൱	 
 
Comparing ߩ෤ସ௠ with ߩ෤ସ௥, we can derive ߩ෤ସ: 
෤ସߩ  = ቊߩ෤ସ௠, if 1)ߣ − (ߤ > ଵଷߩ෤ସ௥, otherwise

 

 
 
Finally, as shown in the paper, for the win-win region to exist, both ߩ෤ଷ and ߩ෤ସ must be real and must satisfy ߩ෤ଷ <  .෤ସߩ
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Network Effect  
 
Since we now assume a consumer’s valuation to 1)ݒ + Γ), the demand for the legal product becomes 
 
 

(݌)ݍ  = ൝	1 − ௣ି௥(ଵିఉ)(ଵା୻) , if ݌ > ௥ఉ1 − ௣ଵା୻ , otherwise
 

 
which can also be rewritten as 
 

(݌)ݍ  = ۔ۖەۖ
1	ۓ − ௣ି௥(ଵିఉ)(ଵା୻piracy) , if ݌ > ௥ఉ1 − ௣ଵା୻threat , if ݌ = ௥ఉ1 − ௣ଵା୻benchmark , otherwise

	  (A11) 

 

Let us first consider the piracy region ቀ݌ > ೝഁቁ and the threat region ቀ݌ = ೝഁቁ, where the marginal consumer, ̅ݒ, can be characterized by ̅ݒ 	=	 ೝഁ(భశ౳). Since Γ = 1)ߛ −  :by definition, in a fulfilled expectations equilibrium, the following must hold (ݒ̅

 Γ = 1)ߛ − (ݒ̅ = ߛ ൬1 − 1)ߚݎ + Γ)൰ 

 
Solving this, we obtain the equilibrium Γ as follows: 
 Γpiracy = Γthreat = 12 ൬ߛ − 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰		
Now, let us consider the benchmark region where ݌ < ೝഁ. Starting with the demand expression in (A11), it is straightforward to show that the 

equilibrium price set by the retailer is simply ݌ = య(భశ౳)ర , which means, exactly as in our original model, only a quarter of the market gets 
covered in equilibrium regardless of the actual value of Γ, implying that ̅ݒ = యర. Hence, the equilibrium Γ must be 
 Γbenchmark = 1)ߛ − (ݒ̅ = 		4ߛ
With the demand so characterized, we can now proceed to solve for the thresholds ߩ෤௜ that are analogous to the thresholds ߩ௜ in Theorem 1, 
for ݅ ∈ {1,2,3,4,5}. Recall that Γpiracy = Γthreat; we will henceforth call them both Γ௔ for convenience. Likewise, we will use a shorter notation Γ௕ to denote Γbenchmark. We proceed exactly the same way we solved our original model. Repeating the steps in Lemma 1, we can easily 
derive the optimal ݌ as 
 

(ݓ)∗݌  = ۔ۖەۖ
ା௥ା௪ଶ(ଵା୻ೌ)(ଵିఉ)	ۓ , if ݓ > ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔)	௥ఉ , if ଶ௥ఉ − 1 − Γ௕ ≤ ݓ ≤ ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔)ଵା௪ା୻್ଶ , otherwise

  

  
 
Clearly, ߛ = 0 implies that Γ௔ = Γ௕ = 0. As a result, when ߛ =  .above coincides with that given in Lemma 1 (ݓ)∗݌ ,0
 
Once the retailer’s response (ݓ)∗݌  is known, the manufacturer’s problem is simply to maximize 1)ݓ − ((ݓ)∗݌ . It is clear from the 

expression of (ݓ)∗݌  above that we have three cases to consider: (i) ݓ > ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔) , (ii) 
ଶ௥ఉ − 1 − Γ௕ ≤ ݓ ≤ ଶ௥ఉ − ݎ −(1 − 1)(ߚ + Γ௔), and (iii) ݓ < ଶ௥ఉ − 1 − Γ௕. 

 

For case (i), (ݓ)∗݌ = (ଵିఉ)(ଵା୻ೌ)ା௥ା௪ଶ , and the first order condition with respect to ݓ results in ݓ∗ = (ଵିఉ)(ଵା୻ೌ)ା௥ଶ . This solution must be 

greater than 
ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔), which leads to ݎ <  ෤ଵ is the solution ofߩ ෤ଵ whereߩ
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(1 − 1)(ߚ + Γ௔) + 2ݎ = ߚݎ2 − ݎ − (1 − 1)(ߚ + Γ௔) 
 

Substituting Γ௔ = ଵଶ ቆߛ − 1 + ට(ߛ + 1)ଶ − రೝംഁቇ and subsequently solving the above, we get 

෤ଵߩ  = 1)ߚ3 − 4)(ߚ − ߚ3 + 4)(ߛ − ଶ(ߚ3  

 
For case(ii), ݌∗ = ௥ఉ and, once again, the manufacturer, unwilling to leave money on the table, chooses the highest value from the range ቂଶ௥ఉ − 1 − Γ௕, ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔)ቃ , resulting in ݓ∗ = ଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔) . As was the case in our original model, this 

equilibrium is valid across all ݎ ≤ ݎ and the case of ߚ >  .falls under case (iii) where the pirated product is not an option ߚ
 

Finally, in case (iii), (ݓ)∗݌ = భశೢశ౳್మ , which leads to ݓ∗ = ଵା୻್ଶ . This ݓ∗must be less than 
ଶ௥ఉ − 1 − Γ௕, where Γ௕ = ംర, implying that ݎ ≥యరഁ ൫1 + ംర൯ =  .෤ହ must hold for case (iii) to occurߩ

 
Now, case (ii) is the only valid equilibrium if ߩ෤ଵ ≤ ݎ ≤ ݎ ෤ହ. On the one hand, ifߩ <  ෤ଵ, both cases (i) and (ii) are valid. However, the optimalߩ
profit from an interior solution ought to be higher, which immediately implies that case (i) is the equilibrium outcome for ݎ <  ෤ଵ. If, on theߩ
other hand, ݎ >  ෤ହ, both cases (ii) and (iii) are possible, and we must compare the manufacturer’s profit in these two cases to determine theߩ
equilibrium. We can obtain the optimal profits for these two cases using the ݓ∗ for the respective cases. The optimal profit for case (ii) is ቀଶ௥ఉ − ݎ − (1 − 1)(ߚ + Γ௔)ቁ ቀ1 − ೝഁ(భశ౳ೌ)ቁ, where, as before, Γ௔ = ଵଶ ቆߛ − 1 + ට(ߛ + 1)ଶ − రೝംഁቇ. The optimal profit for case (iii) is భశ౳್ఴ , 

where Γ௕ = ംర. Hence, ߩ෤ଶ can be obtained as the larger of the two positive roots of 
 ൭2ߚݎ − ݎ − 1 − 2ߚ ൬ߛ + 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰൱ቌ1 − ௥ఉଶ൬ఊାଵାට(ఊାଵ)మିరೝംഁ൰ቍ = 1 + ఊସ8  

 
A closed-form solution does exist, but the size of the expression precludes it from this appendix. 
 
Now, let us turn to the win-win region. To solve for ߩ෤ଷ, we need to equate the retailer’s profit in case (i) with the benchmark profit, that is, 

the profit in case (iii). The profit in case (i) is ൫ೝశ(భషഁ)(భశ౳ೌ)൯మభల	(భషഁ)(భశ౳ೌ)  while that in case (iii) is భశ౳್భల . Hence, ߩ෤ଷ is the root in [0,  :෤ଵ] of the followingߩ

 ൭ݎ + 1 − 2ߚ ൬ߛ + 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰൱ଶ8	(1 − (ߚ ൬ߛ + 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰ = 1 + ఊସ16  

 
Again, although a closed form solution exists, it is simply too long and cumbersome to report here. 
 
Finally, to obtain ߩ෤ସ, we need to equate the retailer’s profit in case (ii) with the benchmark profit. The profit in case (ii) is (భషഁ)(ഁ(భశ౳ೌ)షೝ)మഁమ(భశ౳ೌ)  and 

that in case (iii) is as mentioned above. Thus, ߩ෤ସ is the root in [ߩ෤ଵ,  :෤ଶ] of the followingߩ
 (1 − (ߚ ൬2ߚ ൬ߛ + 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰ − ଶ2ߚ൰ଶݎ ൬ߛ + 1 + ට(ߛ + 1)ଶ − ସ௥ఊఉ ൰ = 1 + ఊସ16  

 
When ߛ → 0, all the ߩ෤௜ thresholds, ݅ ∈ {1,2,3,4,5}, nicely converge to ߩ௜ in our original model.  
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Downstream Competition  
 
Given the straightforward setting of a horizontal market, the fraction of consumers who prefers retailer ܤ ܣ is simply ൫భమ + ೛ಳష೛ಲమഃ ൯. Likewise, 

the remaining ൫భమ + ೛ಲష೛ಳమഃ ൯ fraction prefers ܤ to ܣ. It is easy to see that, when ߜ becomes large, the two markets separate; essentially, the 
weakened competition empowers the individual retailers as local monopolies, and our earlier results apply. 
 
Now, irrespective of the value of ߜ, each consumer has to make a choice among: (i) buying the legal product from his preferred retailer, (ii) 
using an illegal copy, and (iii) not using the product at all. We consider this choice to be independent of the consumer’s preference for a 
retailer. In other words, we continue to assume that this choice is still governed by the IR and IC constraints discussed in the consumer 
behavior section in the paper. Accordingly, the legal demand for retailer ܣ can now be expressed as 
 

,஺݌)஺ݍ  (஻݌ = ൝	൫భమ + ೛ಳష೛ಲమഃ ൯ ቀ1 − ௣ಲି௥ଵିఉ ቁ , if ݌஺ > ௥ఉ൫భమ + ೛ಳష೛ಲమഃ ൯(1 − ,(஺݌ otherwise
	  (A12) 

 
Retailer ܣ maximizes (݌஺ − ,஺݌)஺ݍ(ݓ ஻݌) ,ܤ ஻), and retailer݌ − ,஻݌)஻ݍ(ݓ  ஺). As before, three regions emerge and a retailer prefers to݌
employ the limit price only when ݓ is moderate. Specifically, retailer ܣ chooses ݌஺ = ೝഁ if ݓ஺௅ ≤ ݓ ≤  ஺ு, whereݓ

஺௅ݓ  = ଶݎ3 + ஻݌)ଶߚ + (ߜ − 1)ݎߚ2 + ஻݌ + ݎ2)ߚ(ߜ − 1)ߚ + ஻݌ + ((ߜ    andݓ஺ு = ଶ(3ݎ − (ߚ2 + ଶ(1ߚ − ஻݌)(ߚ + (ߜ − ஻(2݌)ݎߚ − (ߚ + 2(1 + (ߜ − 2)ߚ + 2)ݎ)ߚ((ߜ − (ߚ − 1)ߚ + ஻݌ − ߚ + ((ߜ 	
	
A similar range exists for retailer ܤ as well. Therefore, a symmetric equilibrium with ݌஺ = ஻݌ = ೝഁ is possible only if ݓ is between the 

following two limits: 
௅ݓ  = ஺௅|௣ಳୀೝഁݓ = 1)ݎߚ + (ߜ2 − ଶݎ − 1)ߚ)ߚߜଶߚ + (ߜ − (ݎ    andݓு = ஺ு|௣ಳୀೝഁݓ = 1)ݎ − ߚ)(ߚ − (ݎ + 2)ݎ)ߜߚ − (ߚ − 1)ߚ − 1)ߚ)ߚ((ߚ + (ߜ − ݎ − ߚ)ߚ − ((ݎ 	
	
Note that, if the manufacturer sets ݓ >  ு, the only possible symmetric equilibrium is the one in which both retailers name a price aboveݓ

௥ఉ. 

Retailer ܣ’s optimal price in this equilibrium is obtained from 
஺݌߲߲  ൭(݌஺ − (ݓ ൬1 − ஺݌ − 1ݎ − ߚ ൰ ൬12 + ஻݌ − ߜ஺2݌ ൰൱อ௣ಳୀ௣ಲ = 0 

 

leading to ݌஺ = ஻݌ = భషഁశೝశೢశమഃషට(భషഁశೝషೢ)మశరഃమమ . On the other hand, if the manufacturer chooses a wholesales price below ݓ௅, the symmetric 
equilibrium of interest would be the one in which ݌஺ = ஻݌ < ೝഁ. Retailer ܣ’s first order condition in this case is 

஺݌߲߲  ቆ(݌஺ − 1)(ݓ − (஺݌ ൬12 + ஻݌ − ߜ஺2݌ ൰ቇቤ௣ಳୀ௣ಲ = 0 

 

which leads to ݌஺ = ஻݌ = భశೢశమഃషඥ(భషೢ)మశరഃమమ . 
 
Putting all of the above elements together, in a symmetric equilibrium, the optimal retail price for a given (ݓ)∗݌ ,ݓ = (ݓ)∗஺݌ = ∗஻݌  must ,(ݓ)
satisfy 
 

(ݓ)∗݌  = ۔ۖەۖ
భషഁశೝశೢశమഃషට(భషഁశೝషೢ)మశరഃమమ	ۓ , if ݓ > ௥ఉ	ுݓ , if ݓ௅ ≤ ݓ ≤ ுଵା௪ାଶఋିඥ(ଵି௪)మାସఋమଶݓ , otherwise
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Since this expression is similar to the one in Lemma 1 in the paper, the rest of the derivation of the equilibrium is not conceptually any harder. 
In particular, given this (ݓ)∗݌, the manufacturer chooses ݓ∗, the optimal ݓ that maximizes its profit, ߨ௠(ݓ) = ݓ2 × ஺݌ is obtained by setting ((ݓ)∗݌)∗ݍ where ,((ݓ)∗݌)∗ݍ) = ஻݌ = ݓ) in~(A12). In the piracy region (ݓ)∗݌ > ݓ) ு), as well as in the benchmark regionݓ <  ,(௅ݓ
the manufacturer’s profit is concave in the region of interest, and a unique ݓ∗ can be found from the first order condition, although the size 
of its expression in Mathematica precludes reporting it in this appendix. Finally, in the threat region (ݓ௅ ≤ ݓ ≤  ு), the manufacturerݓ
prefers ݓு to any other ݓ ∈ 	 (ݓ)∗݌ while inducing the retailers to choose [ுݓ,௅ݓ] = ௥ఉ in equilibrium.  

 
By a chain of backward substitutions of this ݓ∗, we can find the optimal retail price, (∗ݓ)∗݌ and the optimal demand ((∗ݓ)∗݌)∗ݍ. Therefore, 
the equilibrium profits of the manufacturer and retailers can also be found. Fortunately, unique closed form expressions still exist; it is just 
that they are simply too large to report here. Instead, we illustrate their behavior in Figure A4, where these profits are plotted as functions ݎ 
and ߚ. Once again, even in this case, the red-blue humps over the benchmark level, reminiscent of a win-win window, are unmistakably 
visible. Therefore, to establish the existence of a win-win window, all that remains is to show that there is some overlap between the two 
humps in the two profit plots. In particular, let (ߩ෤ଷ௠, ,෤ଷ௥ߩ) ෤ଶ) be the manufacturer’s winning window andߩ  ෤ସ), the retailers’. These windowsߩ
can be analytically obtained and plotted, as shown in Figure 12. The overlap between them is clearly visible in the figure.  

 

 

Figure A4.  Profit as a Function of ࢘ and ࢼ ;ࢾ = ૙. ૠ૞ 
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Appendix B 
 
Proofs 
 
Proof of Lemma 1 
 
If (݌)ݍ = 1 − ௣ି௥ଵିఉ, then ߨ௥(݌) = ݌) − (ݓ ቀ1 − ௣ି௥ଵିఉቁ, implying 

 

 
డగೝడ௣ = 1 − ଶ௣ି௥ି௪ଵିఉ   (B1) 

 

Since 
డమగೝడ௣మ = − ଶଵିఉ < 0, the first order condition results in (ݓ)∗݌ = ଵଶ (1 − ߚ + ݎ +  which according to (1), must be greater than ,(ݓ

௥ఉ, or ݓ > ଶ௥ఉ − (1 − ߚ +  .for this solution to be valid ,(ݎ

 
If, on the other hand, (݌)ݍ = 1 − (݌)௥ߨ then ,݌ = ݌) − 1)(ݓ −  resulting in ,(݌
 

 
డగೝడ௣ = 1 − ݌2 +  (B2)  ݓ

 

Furthermore, since  
డమగೝడ௣మ = −2 < 0, 

డగೝడ௣ = 0 results in (ݓ)∗݌ = ଵା௪ଶ , which must be smaller than 
௥ఉ, or ݓ < ଶ௥ఉ − 1, for this solution to be 

valid. 
 

Now, for moderate values of ݓ, that is, if  
ଶ௥ఉ − 1 ≤ ݓ ≤ ଶ௥ఉ − (1 − ߚ + డగೝడ௣ ,(ݎ   given by (B1) is negative whereas that given by (B2) is 

positive. Naturally, the optimal ݌ is simply 
௥ఉ.                      ■      

 
 
Proof of Proposition 1  
 
From Lemma 1, it is evident that we have three cases to consider: (i) w > ଶ௥ఉ − (1 − ߚ + ଶ௥ఉ (ii) ,(ݎ − 1 ≤ ݓ ≤ ଶ௥ఉ − (1 − ߚ + ݓ and (iii) (ݎ < ଶ௥ఉ − 1. 

 

For case (i), we substitute (ݓ)∗݌ = ଵଶ (1 − ߚ + ݎ +  into (1) to obtain the manufacturer’s profit (ݓ

 

௠ߨ  = ௪(ଵିఉା௥ି௪)ଶ(ଵିఉ) 	  (B3) 

 

Since 
డమగ೘డ௪మ = − ଵଵିఉ < 0, the first order condition, 

డగ೘డ௠ = ଵିఉା௥ିଶ௪ଶ(ଵିఉ) = 0, results in ݓ∗ = ଵିఉା௥ଶ , which, according to Lemma 1, must be 

greater than 
ଶ௥ఉ − (1 − ߚ + ݎ or ,(ݎ < ଷఉ(ଵିఉ)ସିଷఉ =  .ଵ, for this equilibrium to be validߩ

 

For case (ii), ݌∗ = ௥ఉ. The manufacturer, unwilling to leave money on the table, always chooses the highest value from the range 
ଶ௥ఉ − 1 ݓ≥ ≤ ଶ௥ఉ − (1 − ߚ + ∗ݓ resulting in ,(ݎ = ଶ௥ఉ − (1 − ߚ + ݎ This equilibrium is valid across all .(ݎ ≤  ,Point to note Point to note here is that .ߚ

if ݎ > ݎ ,Therefore .ߚ ଶ, which can be shown to be less thanߩ is also greater than ݎ then ,ߚ >  ,falls under case (iii), the benchmark region ߚ
which we discuss next. Viewed differently, if ݎ > ∗݌ then ,ߚ = ௥ఉ > 1, and no consumer would buy the product. Therefore, ݎ >  cannot ߚ

happen in case (ii). 
 

Finally, in case (iii), (ݓ)∗݌ = ଵା௪ଶ , and the manufacturer’s profit is 

 

௠ߨ  = ௪(ଵି௪)ଶ   (B4) 
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implying ݓ∗ = ଵଶ. According to Lemma 1, this ݓ∗ must be less than 
ଶ௥ఉ − 1, or ݎ > ଷఉସ 	=  .ହߩ

 

Since ߩଵ < ଵߩ ହ, (ii) is the only valid equilibrium ifߩ ≤ ݎ	 ≤ ∗ݓ ହ, andߩ = ଶ௥ఉ − (1 − ߚ + ݎ If .(ݎ < ݓ ଵ, the manufacturer can either setߩ =	ଵିఉା௥ଶ , or set ݓ = ଶ௥ఉ − (1 − ߚ + ݓ If the manufacturer chooses .(ݎ =	ଵିఉା௥ଶ , its profit is 
(ଵିఉା௥)మ଼(ଵିఉ)  from (B3). On the other hand, if it chooses ݓ = ଶ௥ఉ − (1 − ߚ + ݓ its profit becomes ,(ݎ ቀ1 − ௥ఉቁ = (ఉି௥)൫௥ି(ଵିఉ)(ఉି௥)൯ఉమ . Between the two choices, the manufacturer chooses the one that 

yields a higher profit. It is easy to verify that, at ݎ = ݎ ଵ, both options yield the same profit, and forߩ <  .ଵ, the first option is always betterߩ

Thus, if ݎ < ∗ݓ ଵ, (i) is the equilibrium outcome andߩ = 	 ଵିఉା௥ଶ . 

 

If ݎ > ݓ ହ, the manufacturer can either setߩ =	 ଵଶ, or set ݓ = ଶ௥ఉ − (1 − ߚ + ݓ If .(ݎ =	 ଵଶ, the manufacturer’s profit is 
ଵ଼
 from (B4), and, if ݓ = ଶ௥ఉ − (1 − ߚ + (ݎ , the profit becomes, as before, 

(ఉି௥)൫௥ି(ଵିఉ)(ఉି௥)൯ఉమ . Comparing these two profits, it is easy to verify that the 

manufacturer would choose the first option if ݎ ≥ ఉ(଺ିସఉାඥଶఉ)ସ(ଶିఉ) = ଶߩ ଶ. Sinceߩ > ∗ݓ ହ holds trivially, (iii) is the equilibrium outcome withߩ = 	 ଵଶ if ݎ ≥ ହߩ ଶ. By the same logic, forߩ ≤ ݎ	 <  ଶ, case (ii) is the equilibrium. It should now be clear from the preceding discussion thatߩ

case (ii) is the equilibrium for the entire range ߩଵ ≤ ݎ	 <  .ଶߩ
 
With the closed-form solution for ݓ∗, we can derive ݌∗ from Lemma 1.                    ■ 
 
 
Proof of Proposition 2  
 
Using ݌∗ and ݓ∗ from Proposition 1, we can find the equilibrium profits for the manufacturer and retailer as ߨ௠∗ = ∗௥ߨ  and (∗݌)ݍ	∗ݓ ∗݌)= −  ■                        .respectively ,(∗݌)ݍ	(∗ݓ
 
 
Proof of Theorem 1  
 

First, since in the piracy region ݎ < ∗௠ߨ ,ଵ, the manufacturer’s profitߩ = (ଵିఉା௥)మ଼(ଵିఉ) , is increasing in ݎ, equating this profit to the benchmark 

profit of ߨ௠଴ = ଵ଼
 and solving for ݎ, we find ݎ = ඥ1 − ߚ − (1 − ݎ must abide by the restriction ݎ of course, for it to be a valid root this ;(ߚ < ߚ ଵ, which is equivalent toߩ < ଽ଼. Next, in the threat region (ߩଵ ≤ ݎ	 ≤ ∗௠ߨ ,ଶ), the manufacturer’s profitߩ = (ఉି௥)൫௥ି(ଵିఉ)(ఉି௥)൯ఉమ , can 

never be less than ߨ௠଴. In other words, for all ߚ < ଽ଼, a necessary and sufficient for the manufacturer to be better off is ඥ1 − ߚ − (1 − (ߚ ݎ	> <  .ଶߩ
 

The case of ߚ > ଽ଼ is somewhat different. Here, the threat region takes over at a lower ݎ; the profit function for the threat region meets the 

benchmark profit, ߨ௠଴ = ଵ଼
, two times, first at point ߩଶ௖ and then again at ߩଶ, where ߩଶ௖ is the root conjugate to ߩଶ and is given by 

 

ଶ௖ߩ  = ఉ(଺ିସఉିඥଶఉ)ସ(ଶିఉ)  

    

Therefore, for all ߚ > ଽ଼, the manufacturer would be better off if and only if ߩଶ௖ < ݎ <  ଶ. Defineߩ

 

ଷߩ  = ቐ	ඥ1 − ߚ − (1 − ,(ߚ if ߚ ≤ ଽ଼ߩଶ௖ = ఉ(଺ିସఉିඥଶఉ)ସ(ଶିఉ) , otherwise
 

 
It is then immediate that the manufacturer is better off if ߩଷ < ݎ <  .ଶߩ
 

Next, we consider the retailer. The retailer’s profit, ߨ௥∗ = (ଵିఉା௥)మଵ଺(ଵିఉ) , is also increasing in ݎ in the piracy region (ݎ <  ,ଵ). Therefore, as beforeߩ

equating this profit to the benchmark profit of ߨ௥଴ = ଵଵ଺ and solving for ݎ, we find that the retailer would also be better off if ݎ > ඥ1 − ߚ −
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(1 − ߚ and (ߚ ≤ ଽ଼. In the threat region (ߩଵ ≤ ݎ	 < ∗௥ߨ ,ଶ), the retailer’s profitߩ = (ଵିఉ)(ఉି௥)మఉమ , is decreasing in ݎ. This profit is greater than 

or equal to ߨ௥଴ if and only if ݎ < ߚ ൬1 − ଵସඥଵିఉ൰ and ߚ ≤ ଽ଼. We define 

 

ସߩ  = ൞	ߚ ൬1 − ଵସඥଵିఉ൰ , if ߚ ≤ ଽ଼ߩଶ௖ = ఉ൫଺ିସఉିඥଶఉ൯ସ(ଶିఉ) , otherwise
  

 
Clearly then, the retailer is better off in the presence of piracy or its threat if ߩଷ < ݎ <  ସ. The three regions in the theorem then emerge byߩ
combining the above.                        ■ 
 
 
Proof of Proposition 3 
 
The consumer surplus (ܵܥ) for all consumers, legal and illegal, can be found by aggregating their consumption benefits net of the price they 
pay or the penalty they incur. Therefore, ܵܥ is given by 
 

ܵܥ =
ەۖۖ
۔ۖۖ
	ۓۖۖ න ݒ) − ଵݒ݀(∗݌

௣∗ି௥ଵିఉ
+ න ݒߚ) − ௣∗ି௥ଵିఉݒ݀(ݎ

௥ఉᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ ,
																																			Pirate Surplus

		 if ݌∗ ≥ ௥ఉ

න(ݒ − ଵݒ݀(∗݌
௣∗ , otherwise

 

 
The desired result can now be obtained by algebraic manipulation after substituting ݌∗ from (2) into the expression above. 
 
The above expression includes the net surplus from the legal users as well as that from the pirates. If one is interested in finding the consumer 
surplus excluding that of the pirates, it can be easily accomplished by dropping the term marked as “Pirate Surplus” above.               ■ 
  
 

Proof of Theorem 2 
 

In the piracy region, ܵܥ = ଵାଵହఉିଷ଴௥ଷଶ + ௥మଷଶ ቀ ଵଵିఉ + ଵ଺ఉ ቁ. Its derivative, 
డ(஼ௌ)డ௥ = ݎ ቀ ଵଵ଺(ଵିఉ) + ଵఉቁ − ଵହଵ଺ is an increasing function of ݎ. However, 

since ݎ <  ଵ in the piracy region, we must haveߩ
 

 
డ(஼ௌ)డ௥ < ଵߩ ቀ ଵଵ଺(ଵିఉ) + ଵఉቁ − ଵହଵ଺ = − ଷସ(ସିଷఉ) < 0 

 

In other words, in the piracy region, ܵܥ is decreasing in ݎ, and is minimized at ݎ = ௥ୀఘభ|ܵܥ ,ଵ. Nowߩ = ଵଶ(ସିଷఉ	)మ > ଵଷଶ. Clearly then, ܵܥ in 

the piracy region is always above the benchmark value of ܵܥ଴ = ଵଷଶ. 
 

Furthermore, the consumer surplus in the threat region, ܵܥ = (ఉି௥)మଶఉమ  is decreasing in ݎ. Therefore, by equating it to ܵܥ଴ , we find that 

consumers are better off if ݎ < ହߩ = ଷఉସ . 

 
Since ߩସ < ߚ ହ for allߩ > 0, the result follows from Theorem 1.                     ■ 
  



Kim, Lahiri, & Dey/The Invisible Hand of Piracy 

 

 

MIS Quarterly Vol. 42 No. 4‒Appendix/December 2018     A19 

Proof of Proposition 4 
 
Since the channel profit is given by ܲܥ = ∗௠ߨ +  ௥∗, it can be easily calculated from Proposition 2. Further, social welfare can be calculatedߨ
from 
 
 

ܹܵ =
ەۖۖ
۔ۖۖ
	ۓۖۖ න ଵݒ݀	ݒ

௣∗ି௥ଵିఉ
+ න ௣∗ି௥ଵିఉݒ݀	ݒߚ

௥ఉᇣᇧᇧᇤᇧᇧᇥ ,
																		Welfare from Piracy

if ݌∗ ≥ ௥ఉ

		න ଵݒ݀	ݒ
௣∗ , otherwise

 

 
Substituting ݌∗ from (2) into the above expression, we get the desired result. Of course, if one is interested in calculating the social surplus 
without including the pirates, it can be easily done by dropping the term labeled “Welfare from Piracy” above.                ■ 
 
 

Proof of Theorem 3 
 

In the piracy region, ܲܥ = ଷ(ଵିఉା௥)మଵ଺(ଵିఉ)  is increasing in ݎ. Equating it to ܥ ଴ܲ, we get ݎ = ඥ1 − ߚ − (1 −  which is valid only if it is less ,(ߚ

than ߩଵ, or equivalently, if ߚ < ଽ଼.  
 

Now, in the threat region, ܲܥ = ௥(ఉି௥)ఉమ  is concave in ݎ. Equating it to ܥ ଴ܲ, we get two roots, ݎ = ହ௖ߩ = ఉସ and ݎ = ହߩ = ଷఉସ . The first root is 

less than ߩଵ and the second greater; as long as ݎ is between these two roots, ܲܥ is higher than its benchmark. Defining 
଺ߩ  = ቐ	ඥ1 − ߚ − (1 − ,(ߚ if ߚ ≤ ଽ଼4ߚ , otherwise

 

 
we conclude that channel profit is higher if ߩ଺ < ݎ	 <  .ହߩ
 

As far as social welfare is concerned, in the piracy region, ܹܵ = ଻ାଽఉା଺௥ଷଶ − ௥మଷଶ ቀ ଵଵିఉ + ଵ଺ఉ ቁ is clearly concave in ݎ. Therefore, the minimum 

value of ܹܵ occurs at one of the extremes, that is either at ݎ = 0 or at ݎ =  ଵ. Both these extreme values of ܹܵ can be easily shown to beߩ

greater than ܵ ଴ܹ, implying that piracy always leads to a higher social surplus. We now move to the threat region, where ܹܵ = ଵଶ ቀ1 − ௥మఉమቁ is 

clearly decreasing in ݎ. Equating it to ܵ ଴ܹ, we find that the threat region does better in terms of social welfare, if ݎ < ହߩ = ଷఉସ . This completes 

the proof.                          ■ 
 
 
Proof of Proposition 5 
 

When ̅݌ > ௥ఉ, ߨത = (̅݌)ݍ̅݌ = ̅݌ ቀ1	 −	 ௣̅	ି	௥ଵିఉ ቁ, implying 
డగഥడ௣̅ = 1 − ଶ௣̅ି௥ଵିఉ .  

 

Since 
డమగഥడ௣̅మ = − ଶଵିఉ < 0, the first order condition, 

డగഥడ௣̅ = 0, resuls in ̅݌∗ = ଵଶ (1 − ߚ +  Clearly, this solution must be greater than .(ݎ
௥ఉ, or ݎ <(ଵିఉ)ఉଶିఉ =  .ଵߩ̅

 

If, on the other hand, ̅݌ < ௥ఉ, then ߨത = (̅݌)ݍ̅݌ = 	1)̅݌ −	 ∗̅݌ resulting in ,(̅݌ = ଵଶ. This ̅݌∗ should be less than or equal to 
௥ఉ, implying ݎ ≥ ఉଶ  .ଶߩ̅=
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Now, ̅ߩଶ − ଵߩ̅ = ఉమଶ(ଶିఉ), that is, ̅ߩଵ < ଵߩ̅ ଶ. Therefore, we also consider the situation whereߩ̅ ≤ ݎ <  ଶ. In that situation, the profit above isߩ̅

decreasing for ̅݌ > ௥ఉ but increasing for ̅݌ < ௥ఉ . So, ̅݌∗ becomes 
௥ఉ. 

 
The optimal profit in each region can be found easily from (∗̅݌)ݍ∗̅݌.                     ■ 
 
 
Proof of Theorem 4 
 

We start by noting that, in the benchmark region, where neither piracy nor its threat is present, ߟ = ଷ/ଵ଺ଵ/ସ = ଷସ. We will now show that, for ̅ߩଵ < ݎ <  is larger than ߟ ,ହߩ
ଷସ. To do so, we make use of Proposition 4 and Proposition 5. This allows us to divide the interval (̅ߩଵ,  ହ) intoߩ

several parts: 
 

• When ̅ߩଵ < ݎ < ܲܥ ,ଵߩ = ଷ(ଵିఉା௥)మଵ଺(ଵିఉ)  and  ߨത∗ = ௥(ఉି௥)ఉమ . Therefore, ߟ = ଷఉమ	(ଵିఉା௥)మଵ଺௥(ଵିఉ)(ఉି௥), and ߟ − ଷସ = ଷ൫ఉ(ଵିఉ)ି௥(ଶିఉ)൯మଵ଺௥(ଵିఉ)(ఉି௥) > 0. 

• If ߩଵ ≤ ݎ ≤ ܲܥ ,ଶߩ̅ = ∗തߨ = ௥(ఉି௥)ఉమ . Therefore, ߟ = 1, and the channel is fully coordinated. 

• Finally, when ̅ߩଶ < ݎ < ܲܥ ,ହߩ = ௥(ఉି௥)ఉమ  and ߨത∗ = ଵସ. Therefore, ߟ = ସ௥(ఉି௥)ఉమ , which is greater than 
ଷସ because ݎ < ହߩ = ଷఉସ .               ■ 

 

Proof of Lemma 2 

It is easy to verify that the manufacturer’s profit is increasing in ݎ in the piracy region, but concave in the threat region, implying that the 
maximum must happen in the threat region. The manufacturer’s profit in the threat region is given by 
∗௠ߨ  = ߚ) − ݎ)(ݎ − (1 − ߚ)(ߚ − ଶߚ((ݎ  

 

Since 
డమగ೘∗డ௥మ 	= 	− ଶ(ଶିఉ)ఉమ < 0, we simply solve 

డగ೘∗డ௥ = 0 to obtain ݎ௠∗ = ఉ(ଷିଶఉ)ସିଷఉ . 

 
As far as the retailer is concerned, it can be easily verified that its profit is increasing in ݎ in the piracy region and decreasing in the threat 

region. Therefore, it is maximized at ߩଵ, implying ݎ௥∗ = ଵߩ = ଷఉ(ଵିఉ)ସିଷఉ . Of course, the profit at ݎ௥∗ can be better than the benchmark profit only 

if ߚ < ଽ଼. If ߚ ≥ ଽ଼, however, the retailer would prefer an ݎ that is greater than ߩଶ. 

 
It is also easy to verify that the channel profit is increasing in ݎ in the piracy region, but concave in the threat region. The channel profit, CP, 

in the threat region is 
௥(ఉି௥)ఉమ , which is maximized at ݎ௖∗ = ఉଶ. 

 
Consumer surplus is always decreasing in ݎ, implying that the maximum occurs at ݎ஼∗.  
 
Finally, the total social welfare, ܹܵ, is concave in ݎ in the piracy region, but decreasing in the threat region. Now, in the piracy region 
 ܹܵ = 7 + ߚ9 + 32ݎ6 − ଶ32ݎ ൬ 11 − ߚ + ߚ16 ൰ 

 

Since 
డమ(ௌௐ)డ௥మ = −ቀ ଵଵ଺(ଵିఉ) + ଵఉቁ < 0, we can solve 

డ(ௌௐ)డ௥ = 0 to get ݎௌ∗ = ଷఉ(ଵିఉ)ଵ଺ିଵହఉ .                   ■ 

 

Proof of Proposition 6 

To prove this result, we need to show that ݎ஼∗, ∗ௌݎ < ,∗௥ݎ ,∗௖ݎ ∗௠ݎ . Now it can be easily shown that ݎ௥∗ < ∗௖ݎ < ∗௠ݎ . Further, because ݎ஼∗ = ∗஼ݎ ,0 ∗ௌݎ  ௌ∗ holds trivially. Therefore the proof can be completed by simply showing thatݎ> <  ,௥∗. Nowݎ
∗ௌݎ  − ∗௥ݎ = 36)ߚ − ߚ59 + ଶ)64ߚ24 − ߚ92 + ଶߚ30 > 0, ߚ∀ ∈ (0,1) 
 
which completes the proof.                         ■ 


